Abstract-Yttrium aluminum garnet (YAG) has thermal and mechanical properties that vary strongly with temperature. In this paper, we extend previously reported rod amplifier nonlinear average power scaling relationships to slab amplifiers. As found previously with rod amplifiers, we show that, at room temperature and below, temperature profiles obtained are nonquadratic and that the magnitude of the stresses are seriously underestimated if variations in YAG properties with temperature are ignored. Our results are applied to Nd:YAG and Yb:YAG lasers operating with coolant temperatures at room temperature and 77 K. As found previously with rod lasers, significant increases in average power can be obtained by operating Nd:YAG and Yb:YAG lasers at 77 K. In addition, we compare the nonlinear average power scaling behavior of rod and slab amplifiers using both linear and nonlinear approaches.
I. INTRODUCTION
T HE AVERAGE-POWER scaling behavior of solid-state laser amplifiers is of importance in designing and demonstrating high-average-power (HAP) solid-state laser sources. Until recently, scaling relationships for rod, slab, activemirror, and disk amplifiers were determined assuming that the thermal and mechanical properties of the solid-state material were independent of temperature [1] , [2] . In a related article [3] , we have shown that, for YAG-based rod amplifiers, modeling of the expected temperature profile in which a thermal conductivity that varies with temperature is included leads to nonquadratic transverse temperature profiles. Also, the inclusion of a thermal expansion coefficient that varies with temperature leads to predicted stress components that are significantly larger than those predicted using the older linear theory in [1] , [2] . Those results, obtained using a finite-element code that allows the easy incorporation of materials properties that vary with temperature, 1 were obtained in the plane-strain approximation for infinitely long rods. In addition, complete confirmation of the results of [3] have been obtained using a three-dimensional (3-D) nonlinear thermal and stress analysis finite-element code [5] .
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the laser material YAG because of its obvious importance and because more is known about it than any other laser material. The techniques used in this paper and in [3] can easily be extended to other solid-state laser materials such as Ti:Al O whose thermal conductivity is also a strong function of temperature [4] . In this paper, we treat average-power effects in YAG slab amplifiers only; the nonlinear variation of optical aberrations in rod and slab amplifiers will be treated in a separate publication [5] .
In Section II of this paper, we first review the older classical HAP scaling law for slab amplifiers in which all laser materials properties are assumed to be constant, independent of temperature. In Section III, we briefly review the important YAG material parameters used in the modeling and summarize the values and fits to the experimental data used. In Section IV, we present a comparison of linear and nonlinear modeling of thermal and stress transverse profiles in slab amplifiers. We show that the quadratic profiles obtained using the linear theory differ from those obtained using nonlinear modeling, for coolants at room temperature and at 77 K. The obtained nonquadratic temperature profiles lead to optical distortions that are not completely correctable using a simple cylindrical lens. Also, as found previously with rod amplifiers [3] , the magnitude of the thermally induced stresses are substantially larger than those obtained using the linear theory.
Section V presents the results of modeling the HAP performance of slab amplifiers for three slab thicknesses (4, 6 , and 8 mm) in which the heat density, temperature of the coolant, and the surface heat transfer coefficient are varied. Unlike previous linear HAP scaling results [1] , [2] and in agreement with [3] , we show that the heat transfer coefficient and coolant temperature are important parameters in determining the temperature and stress profiles in the nonlinear case. In Section VI, we apply the results of Section V to show that single-crystal slab laser Yb:YAG amplifiers may be constructed with HAP output in excess of 247 kW from a single amplifier with conventionally polished faces operating with liquid nitrogen as the coolant. Diffusion-bonded slabs are capable of HAP output of greater than 1 MW. Finally, in Section VII, we compare the HAP performance predictions of rod and slab YAG amplifiers and show that, for the case in which the rod diameter is equal to the slab thickness, even in the nonlinear case the slab aspect ratio can always be manipulated to obtain larger HAP output than that obtainable from a rod amplifier, as has been found previously in the linear case [1] , [2] .
In this paper and in our previous paper concerning rod amplifiers, our attention is focused on evaluating HAP performance of slab amplifiers with water cooling at room tem-perature and with liquid nitrogen (LN ) cooling around 77 K. While water or a mixture of water and ethylene glycol are the most common coolants used in laser systems, LN seems to offer substantial advantages because of the much increased thermal conductivity and reduced thermal expansion coefficient of YAG at low temperatures. In addition, LN is a clear transparent fluid that allows the transverse diode pumping of amplifiers, has thermal and transport properties not very different from those of water [1] , is readily available in bulk, and is inexpensive. While in this paper we concentrate on aspects of the scaling up of average power in YAG with LN cooling, it should also be pointed out that a HAP laser amplifier exhibiting strong thermal aberrations with water cooling at room temperature, when cooled with LN , will display only minor aberrations [5] .
While we only discuss the thermal and mechanical properties of YAG here, there are a number of optical reasons why cooling YAG to cryogenic temperatures can be beneficial. In Nd:YAG, for example, residual absorption of laser light due to the small population of the terminal level at room temperature can be eliminated by cooling at 77 K, while the stimulated-emission cross section of Nd:YAG is expected to increase at cryogenic temperatures [4] . With Yb:YAG, the quasi-three-level nature of the system at room temperature becomes almost a true four-level system when cooled to 77 K, increasing the pumping efficiency since a negligibly small part of the pump is needed to reach transparency at the laser wavelength [6] . One disadvantage of Yb:YAG at room temperature is that its effective stimulated-emission cross section (2.1 10 cm ) [7] is significantly smaller than that of Nd:YAG (average effective value 3.14 10 cm ) [8] at the same temperature. With 77 K cooling, the Yb:YAG stimulated-emission cross section is projected to increase by a factor of 1.5-2 while the absorption band for diode pumping near 941 nm is narrowed but is still very broad [4] . This implies that diode pump sources with relaxed wavelength and temperature control can be utilized for pumping Yb:YAG even at reduced temperatures, and that the saturation fluence and intensity will be decreased, making it easier to achieve good amplifier extraction efficiency.
II. REVIEW OF HAP SCALING OF SLAB SOLID-STATE LASERS
We begin by briefly reviewing classical linear thermal and stress effects and the scaling relationships for YAG slab lasers, first presented in [1] for rod and slab amplifiers and in [2] extended to active-mirror and disk amplifiers. We include this review to allow the reader to easily compare those early results with those presented here for nonlinear thermal and stress modeling. As with all other solid-state amplifier types, the major limiting factor in scaling the average-power output of slab lasers is heating, caused by a number of factors including multiphonon generation, upconversion, excited-state absorption, nonunity pump or metastable quantum efficiency, fluorescence, or the lasing process itself. A good comparison between the heating generated in Nd:YAG and Yb:YAG and measurements of the heat fraction may be found in the paper by Fan [9] . More recently, Brown has presented a detailed theory of heat, fluorescence, and stimulated-emission power densities and fractions in Nd:YAG [8] . In this paper, we concentrate solely on the CW case where the heat power density generated in the slab is uniform; our results can easily be extended to nonuniform cases as well.
A. Thermal Effects in Slab Amplifiers
Here we first consider slabs of finite thickness and infinite width. We choose a coordinate system in which the axis is perpendicular to the two parallel slab faces, is the direction of the slab width dimension, and represents the length or straight-through propagation direction. The slab is assumed to be actively and symmetrically cooled on the top and bottom faces and the slab thickness is . The heat equation describing the temperature in an isotropic medium is (1) where is the mass density, the thermal conductivity, the specific heat at constant pressure, is the heat power density, and denotes the gradient operator. For steady-state operation, (1) becomes (2) Here and in the remainder of this paper, we have assumed that is constant and uniform throughout the slab. The thermal conductivity , which in general varies with temperature, is also assumed to be constant here. Equation (2) then becomes
We have assumed that no temperature gradients exist in either the or directions; the resulting CW temperature distribution is then one-dimensional as expected. Equation (3) can be easily solved and the temperature distribution is found to be given by (4) where is the slab center temperature and the temperature can be seen to vary quadratically in the direction. To obtain (4), we have assumed Newton's law of cooling at the slab face-coolant boundary, given by (5) where is the assumed constant heat transfer or convective film coefficient, the coolant temperature, and the first derivative is taken with respect to the surface normal. The center temperature can be found to be (6) As previously found with rod amplifiers [3] , we have three contributions on the right-hand side of (6) to the center temperature, due to the coolant, the finite slab thermal conductivity, and the temperature drop across the cooling boundary. One can show that the average slab temperature is given by (7) so that (4) can be rewritten
The term produces no strain or stress in crystals since it represents a uniform temperature rise. The faired temperature distribution , which has a mean temperature of 0, has been shown to account for the thermally induced strains and stresses produced in slabs [1] .
B. Thermally Induced Stresses in Slab Amplifiers
We now invoke the plane strain approximation [10] , in which we assume that the strain in the direction is zero. This approximation assumes that the length of the slab is large compared to the slab thickness. The plane-strain approximation eliminates the dimension from the problem of determining the strains and stresses in the crystalline slab. We also use Hooke's law relating the stress and strain components in the slab (9) where is Young's modulus, is Poisson's ratio, is the thermal expansion coefficient, and is the Kronecker delta function. By use of (9) and the plane-strain approximation, it can be shown that everywhere. In addition, we have , and is given by the relationship (10) where is the materials parameter and is equal to [1] (11)
The slab stress components and thus vary quadratically with the slab thickness dimension. The maximum tensile slab stress component is at the location of the slab faces and is given by . Because the slab center temperature is maximum while the minimum value is found at the slab faces, the center of the slab is in compression while the edges are in tension. Equation (10) is routinely used to calculate the stresses in finite slabs in spite of the fact that it is strictly applicable only to infinitely wide and long slabs [1] , [2] . In doing so, it is implicitely assumed that the maximum stresses in a finite slab occur at the slab faces. We have found that for finite slabs with a large aspect ratio (where is the slab width) and that are perfectly insulated along their edges, the maximum tensile stress indeed occurs on the surfaces and (10) may be used to accurately calculate the stress in the center of the slab, well away from the St. Venant edge regions. Applying (10) to a finite slab of length and with total heat power input , the power heat density is just . The maximum stress produced at the slab faces in the center of the slab is then , which is independent of the slab thickness for a specified slab aspect ratio. This situation is analogous to rod amplifiers where the maximum surface stress at the rod barrel is independent of the rod diameter [3] . Also, in analogy with the rod amplifier, this result is a consequence of assuming that and are constant and will change when they are allowed to vary with temperature. Crystalline laser materials typically have a much larger bulk strength than surface strength, due to the presence of small scratches, pits, and voids introduced during the fabrication and polishing process. Also, since crystalline materials are well known to have much larger compressive rather than tensile strengths, the slab faces are typically where catastrophic thermally induced failure occurs. The fracture strength of the surfaces can be calculated according to the relationship [11] ( 12) where is a near-unity geometric factor, is the material fracture toughness, is the subsurface internal flaw size, and is the surface crack depth or radius. Values for have been reported in the literature; here we use the value for YAG reported in [12] , (kg/cm ) cm .
C. Average Power Scaling
Because of the finite strength of the slab surfaces where thermally induced stresses are maximum, the attainment of HAP operation is ultimately limited by the value of the fracture strength there. A number of methods have been described for reducing or eliminating defects on crystalline surfaces [11] and include polishing and etching or a combination of those techniques. To find the CW extractable power from a slab amplifier, we use the ratio of the heat power density to the inversion density, and write the extractable CW power available from a slab amplifier as (13) The parameter must be specified for the laser material of interest and has recently been estimated for Nd:YAG and Yb:YAG [8] , [9] . To maximize the extractable power from a slab amplifier, we then set the maximum surface stress equal to the fracture stress. From (13), the normalized extractable power for a slab amplifier can be written (14) or, by using (10),
The quantity is known as the rupture modulus and has been tabulated for many common solid-state laser materials [12] . The quantity is known as the normalized extractable power/length. From (15) we see that the extractable average power from a slab amplifier can be increased by increasing the slab length, increasing the slab aspect ratio, and choosing a laser material with a large and small . The extractable average power from a slab amplifier is independent of the slab thickness using the approach reviewed here where and are constants. The results presented here are also independent of coolant temperature and surface heat transfer coefficient . In the analysis presented in Section V of this paper, we will show that, when and are allowed to vary with temperature, and are important parameters in determining the magnitude of the stresses and the extractable power obtainable from a slab amplifier.
III. VARIATION OF YAG THERMAL AND MECHANICAL PROPERTIES WITH TEMPERATURE
Previously, in connection with determining the nonlinear scaling behavior of rod amplifiers [3] , we showed that the thermal conductivity and thermal expansion coefficient of YAG are strong functions of temperature, while Poisson's ratio and Young's modulus vary only weakly with that parameter. The variation of and with was found to have important consequences for the radial temperature profiles obtained, which are nonquadratic, and in determining the stresses which are underestimated using the classical theory presented in Section II. In this paper we have employed the same fits to and used in [3] . The fit for is (16) for the thermal conductivity, where W/(cm K), K ,
, and W/cm. For , we use (17) where K and . It has been pointed out in a recent paper [13] and noted in [3] that (17) underestimates the thermal expansion coefficient of YAG at room temperature but that as , as required by theory [15] . An alternative fit was discussed in [14] and is given by (18) where K and K . This fit produces values near room temperature closer to reported single-point measurements, but is nonphysical since becomes negative for . More precise measurements of in YAG are needed to establish the correct functional form; in lieu of such measurements and because (18) gives a nonphysical result for low temperatures, in this paper we have used the same fit to , (17), used in our previous work on rod amplifiers [3] . We have also used the same values for Poisson's ratio and Young's modulus as used previously [3] , and kg/cm , respectively. and were shown to vary by no more than 7% and 2%, respectively, across the range 140-298 K and are thus taken as constants [3] .
IV. TEMPERATURE AND STRESS EFFECTS IN SLAB AMPLIFIERS: MATERIAL PROPERTIES VARYING
We have repeated the thermal and stress runs presented previously for rod amplifiers [3] for slab geometry amplifiers; these simulations were again performed using the finite- element code PDease. Because we used exactly the same functional forms for the thermal conductivity (16) and the thermal expansion coefficient (17) used previously for rods, the results can be compared directly. We used finite slab geometries in the plane-strain approximation to obtain our results. A slab aspect ratio of 5 was maintained throughout the runs; analytical results were compared to the results obtained in the center of the slab, well away from the edge effects characteristic of a laterally truncated slab, or the St. Venant's region. Slab edges were insulated. Quoted stresses were taken at the slab surface in the center of the slab, where the tensile stress is largest for a slab with insulated edges.
1) Comparison of Finite Element and Analytical Approaches:
We begin by showing in Fig. 1 a comparison of results obtained for a 4-mm-thick slab with W/cm , W/cm K, and coolant temperature K; temperature is displayed as a function of slab semithickness. The solid line through the discrete results calculated with PDease with constant and equal to their values at 300 K is the analytical result calculated with the linear model [see (4) and (6)]. It can be seen that exact agreement is obtained between the two approaches. We then let vary with temperature , and then finally both and . With varying with temperature, it can be seen that the center region of the slab is hotter due to the fact that is smaller for larger temperatures. For both and variable, there is no change from the previous case of only varying. The thermal expansion coefficient has no effect on this calculation, which is the expected result. It should be mentioned that the obtained temperature profile, like the rod, is no longer quadratic, implying that thermal effects in both rod and slab amplifiers cannot be completely corrected with a simple lens. This result is fundamentally different from those obtained previously with the older linear analytic model. Further examples of nonquadratic behavior can be found in the following Figs. 3, 5 , and particularly Fig. 7 where the effect is most pronounced. In Fig. 2 , we show the stress component as a function of slab semithickness, comparing values calculated using the analytical approach (solid line) [see (10) ], to those calculated using the finite-element approach with and constant. Again, exact agreement is obtained. The parameters are identical to those used in Fig. 1 . When only is allowed to vary with temperature , one sees a slight increase in the stress, a consequence of the larger temperature gradient, as shown in Fig. 1 . When both and are allowed to vary , however, there is almost a doubling of the compressive and tensile stress, giving significantly larger values than would be predicted using the classical model. This same effect was seen previously for rod amplifiers [3] . In Fig. 3 we show the finite-element calculated temperature as a function of slab semithickness for a 4-mm-thick slab, K, W/cm , and for the same three values used in previous rod simulations [3] , , and W/cm -K. Also shown are the results of calculating the temperature distribution with the analytical model and equal to their constant roomtemperature values. As seen previously in Fig. 1, varying with temperature leads to a larger center slab temperature; in agreement with previous rod results the difference between the finite-element and analytical results worsens as decreases. This is because a lower value of results in a higher center temperature, and the thermal conductivity decreases. For the same slab and cooling parameters, Fig. 4 shows the corresponding analytical and finite-element calculated stresses for the same three values, 1 , 5 , and 10 W/cm K. Also shown as a solid line in Fig. 4 is the analytical result. The largest stress values are associated with the smallest values. We thus see that the analytical model seriously underestimates the magnitude of the stresses in slab amplifiers as well as in rod amplifiers [3] with room-temperature cooling. Fig. 5 shows the slab temperature distributions for a coolant temperature of 77 K, where the thermal conductivity is significantly larger, for a 4-mm-thick slab, W/cm , and three values, 1 , 5 , and 10 W/cm K. We have shown previously that the heat transfer coefficients can be quite comparable for water at 300 K and liquid nitrogen at 77 K [3] . The solid analytical curves in Fig. 5 were generated again using (4) and (6) and with and constant and equal to their values at 77 K. These results are similar to those obtained at 300 K, with the difference between the finite-element model and the analytical model increasing as decreases. Comparison with Fig. 3 shows, however, that the edge-center temperature differences are significantly less at 77 K than at 300 K due to the larger crystal thermal conductivity at low temperature. As a consequence, we would expect the stresses to be substantially less at 77 K. This is in fact the case, as shown in Fig. 6 and where the slab and thermal parameters W/cm K. The analytical curve for and constant at 77 K is also shown. Comparison with Fig. 2 shows that by simply changing the coolant temperature and letting all of the other parameters remain constant results in slab stresses that are significantly lower at 77 K, by almost a factor of 5, than at 300 K. It should also be noted, however, that the analytical model also seriously underestimates the magnitude of the thermal stresses for 77 K coolant temperature.
2) Comparison of Thermal and Stress Distributions in Slabs at Room Temperature and 77 K:
3) Heat Power Density Effects at 77 K: As we previously found with our rod laser nonlinear modeling [3] , an important determinant of the temperature distribution is the heat power density . These effects are particularly pronounced in slab or rod amplifiers run with the coolant at 77 K. In Fig. 7 , we show an example: the slab thickness is 4 mm, and W/cm K. The heat densities were 1 , 2 , and 3 kW/cm ; it can be seen that the solid analytical curves, calculated with and constant at 77 K, produce results that are far different from the finite-element results. As was observed previously with rod amplifiers, the temperature profile starts out convex downwards at 1 kW/cm ; as the heat density is increased to 3 kW/cm , the profile has evolved to resemble a Gaussian-like distribution. These types of profiles are observed at large heat power densities and are a result of the large slab center temperatures where thermal conductivity is a minimum, whereas the slab faces are elevated above that of the coolant due to the finite coefficient, and moderate thermal conductivity is obtained there.
V. SCALING EFFECTS IN HAP SLAB LASERS
WITH VARYING COOLANT TEMPERATURE We now turn our attention to the average power scaling behavior of slab amplifiers. An important goal of this work was to determine the average power available from slab amplifiers operated with cooling at 300 and 77 K and to compare the results to those obtained previously for rod lasers [3] . We have calculated the stress levels in 4-, 6-, and 8-mm-thick slab amplifiers operated at 77 and 300 K, and for brevity present complete results only for the 6-mm case. Fig. 8 shows the maximum stress at the slab surface obtained in a 6-mm-thick YAG slab at 300 K as a function of the heat power density and for three heat transfer coefficients, 1 , 5 , and 10 W/cm K. Solid lines drawn through the finite-element results are included for visualization in this and the following plots. As in previous runs completed for rod amplifiers, note that the stress levels are not linear in as would be expected from the classical linear theory, but vary nonlinearly, particularly for small values. The stress levels in Fig. 8 , when compared to surface tangential stresses obtained in a 6-mm-diameter rod amplifier with the same heat density, are significantly larger. This result is expected since even in the classical linear case stress levels are higher in slab laser amplifiers when a slab of given thickness is compared to a rod whose diameter is equal to the thickness. Fig. 9 shows the slab surface stress as a function of the heat density for a 6 mm slab with 77 K coolant temperature, and for , and W/cm -K. Comparison with Fig. 8 shows that significantly larger values of can be tolerated to produce the same surface stress than for 300 K coolant temperature; this is one of the central results of this investigation and has been found previously for rod amplifiers [3] . With 77 K cooling, it is possible to pump a slab amplifier significantly harder than for 300 K cooling, with the result that the extractable power at 77 K can be much larger. The ratio of the heating that can be tolerated at 77 K to that at 300 K, as a function of and for exactly the same stress level in both cases, is shown in Fig. 10 for a 6-mm slab Fig. 10 . Ratio of maximum slab stress at 77 K to that at 300 K as a function of heat density at 300 K for a 6-mm-thick YAG slab with h = 1 (); 5 ( ), and 10 (r) W/cm 2 1K. Solid curves are included for illustrative purposes only. and for , and W/cm K. For heat power densities of around 125 W/cm , for example, one can dissipate about 5.3 times as much heat power density at 77 K than at 300 K for W/cm K. For 4-and 8-mm-thick slabs with the same heat power density and , the increases are factors of 7.7 and 4, respectively, thus the greatest increases in average power capability at 77 K will be obtained for the smallest slab thicknesses. As the heat density increases, the increase in performance gradually decreases, as has been seen previously for rod amplifiers. Using the results of Fig. 10 and (14) and in analogy to the previous rod results [3] , we can then plot the expected normalized extractable power at 77 K as a function of that obtainable at 300 K, as shown in Fig. 11 , where again , and W/cm K. For convenience, we also plot on the upper abscissa the heat power density at 300 K. In agreement with trends seen previously in rod lasers, the largest increase in extractable average power at 77 K is obtained for the maximum value of 10 W/cm K. As the extractable average power at 300 K increases, the increase in performance at 77 K gradually rolls off as the center slab temperature becomes progressively hotter, reducing the thermal conductivity.
Figs. 12 and 13 show the same results obtained for 4-and 8-mm-thick slab amplifiers, respectively. These results show that substantial increases in average power can be obtained at each slab thickness when operating with a coolant temperature of 77 K, although the amount of the increase lessens as slab thickness increases.
Comparison of Figs. 11-13 with those obtained previously for rod amplifiers [3] shows that qualitatively the results are identical. Both rod and slab amplifiers perform substantially better at 77 K with regard to HAP performance. As we will see in the next section of this paper, however, with regard to generating large amounts of average power, the aspect ratio of the slab laser provides a real advantage compared to the rod amplifier.
VI. COMPARISON OF ROD AND SLAB LASER HAP SCALING RESULTS
We now compare the results obtained for rod and slab amplifiers using both the analytical and finite-element approaches, first reviewing some analytical results. If we take the tangential or surface stress equal to the fracture stress in a rod or slab amplifier, respectively, then the ratio of the normalized rod to slab extractable power [3, eqs. (14) , (15)] is equal to 2.094 using the classic approach, and for a slab aspect ratio of unity. Another ratio of interest is the ratio of the surface stresses, in particular the ratio of the rod surface stress (tangential) to the slab surface stress (19) where and are the slab and rod heat densities, respectively, and is the rod diameter. One important situation is when , and is then equal to 2.67. The second situation is to find under what conditions the stress levels can be made equal. Setting , we find that or . Thus, if we want equal stresses in the rod and slab amplifiers for equal power densities, we must choose the rod diameter to be 1.63 times the slab thickness. This discussion is applicable using the older classical theory where and are constant, independent of temperature.
The tangential surface stress in a rod amplifier can be calculated according to [3] , and the surface stress in a slab amplifier can be calculated from . If we set these stresses equal to the fracture stress, we can calculate the maximum heat power density needed to produce that stress, and note that will then scale as for the rod and for the slab amplifier. In this paper, we assume, as in [3] , that the value of the fracture stress is 2.5 kg/cm .
2 Fig. 14 shows a plot of the maximum heat density as a function of the rod diameter or the slab thickness, for a number of cases; coolant temperature is 300 K and W/cm -K. Analytical curves are shown for both the rod and the slab where and are constant. Fitting functions to those points can be seen to vary with a or dependence. In agreement with previously discussed analytical results the ratio of the slab to rod heat densities 2 We assume this value for the fracture stress to allow direct comparison with the previous results of [3] . It should be pointed out, however, that (12) of this paper includes a factor of 1= p that was taken to be unity in the previous treatment of rod amplifiers [3] . If we assume the same defect size (2a = 64 m), where a is the surface defect radius, then the revised fracture strength is about 1.4 kg/cm 2 rather than the 2.5 kg/cm 2 assumed here. The exact value of the fracture strength for a given rod or slab is statistical and dependent upon the surface finish and treatment, and material type [11] . is equal to 2.67. Also shown in Fig. 14 are finite-element determined results for rod and slab amplifiers where and are allowed to vary with temperature. Because the stresses in those cases are larger than the analytical model, the maximum allowable heat densities are less. We have calculated the ratios of the rod/slab heat densities for 4-, 6-, and 8-mm rod diameters and slab thicknesses both for and constant and variable. The ratio for the analytical case ( and constant) is of course 2.67 while the variable case shows that the heat density ratio is smaller and takes the approximate values 2.54, 2.56, and 2.58 for diameters and thicknesses of 4, 6, and 8 mm, respectively.
We have calculated the rod and slab normalized extractable powers at 300 K and for W/cm K, both for the cases where and are constant at 300 K as well as for both when and are variable. Again, the rod and slab extractable powers are larger for and constant, but when those parameters are allowed to vary with temperature the stresses are larger and of course the extractable power less. For the analytical case, the ratio of the slab/rod extractable power is 2.09, in agreement with previous results.
We have repeated Fig. 14 for a coolant temperature of 77 K and the same value. The maximum heat densities at which the surface stress is equal to the fracture stress are shown in Fig. 15 for the rod and slab with and constant and equal to their values at 77 K, as well as for the rod and slab with and variable. The ratio of the heat densities at 77 K for and constant and equal to 2.67 and for and variable again shows a weak dependence on the rod diameter or slab thickness. For 4-, 6-, and 8-mm diameter and thickness, the ratio becomes approximately 2.33, 2.34, and 2.35, respectively. We also calculated the maximum extractable power available from rod and slab amplifiers at 77 K with and constant and for rod and slab amplifiers with and variable. The disagreement between the analytical theory and the finite-element model is even more pronounced with a coolant temperature of 77 K. This is because both and vary more rapidly with temperature near 77 K than at 300 K.
Finally, in Fig. 16 , we summarize the normalized extractable average power results of our finite-element modeling with coolant temperatures of 77 or 300 K and with W/cm K. All of the results shown are for and variable and for rod amplifiers at 300 and 77 K and for slab amplifiers at 300 and 77 K. It can be seen that both the rod and the slab amplifiers offer significantly higher extractable power at 77 K than 300 K for any diameter or thickness. In addition, the normalized extractable power at either coolant temperature is larger for the rod amplifier when compared to a slab with unity aspect ratio. It is also clear that, because the aspect ratio of slab amplifiers can be substantially greater than unity, the extractable power of a slab amplifier can far exceed that of a rod amplifier for any diameter or thickness. This result parallels previous results found using the analytical theory and is one of the central conclusions of the work reported in this paper.
VII. HAP PERFORMANCE PREDICTIONS FOR
DIODE-PUMPED Nd:YAG AND Yb:YAG Using Fig. 16 , it is then possible to evaluate the extractable average power that can be obtained from slab and rod YAG amplifiers operated with cooling at 300 and 77 K. Two examples will suffice here. The first is a rod run with liquid nitrogen cooling at 77 K. We assume that the material is Yb:YAG and so take [3] , [10] . In addition, we assume that the rod diameter is 6 mm and the length is the maximum that can be obtained commercially, about 25 cm. Using the results of Fig. 16 , we can then calculate that the maximum extractable power is about 72.5 kW from a single Yb:YAG rod amplifier. We also consider a 25-cm-long slab amplifier, also fabricated from Yb:YAG. Since it is not difficult to obtain a slab with an aspect ratio of 5, and we assume the thickness to be 6 mm, the maximum extractable power is then calculated to be about 247 kW from a single amplifier. These numbers are quite conservative and can be further increased by using diffusion-bonded slabs to increase the slab aspect ratio further or by increasing the slab thermal rupture modulus by various super-polishing and etching procedures. It is worthwhile to note that cryogenically cooled Nd:YAG lasers would produce average powers of only -of those obtainable from Yb:YAG due to the fact that heat generation in Nd:YAG is so much larger [9] , [10] .
VIII. CONCLUSION
In this paper, we have presented results that show the consequences of thermal and mechanical properties that vary with temperature for slab amplifiers using the important and well-known material YAG. Our previously presented results for rod amplifiers have thus been extended to the slab amplifier operating at 300 and 77 K. When thermal conductivity is allowed to vary with temperature, we have found that for uniform heat deposition the transverse temperature profiles in slab amplifiers are nonquadratic. As a consequence, the thermally induced phase distortions in slab amplifiers cannot be corrected with a simple lens; a similar conclusion has previously been presented for rod amplifiers [3] .
Also, due to the much smaller center-edge temperatures and stresses when operating slab lasers at 77 K, thermally induced aberrations can be significantly reduced when cooling with LN [5] . In addition, we have shown that when the thermal conductivity and thermal expansion coefficient are allowed to vary with temperature, the stresses obtained are significantly larger than those calculated using the linear analytical model with those parameters constant.
We have also presented results showing that the average power available from a slab laser operated with 77 K cooling is much larger than that obtainable with 300 K cooling; the normalized extractable average power/length was presented for slab thicknesses of 4, 6, and 8 mm. A comparison of the scaling behavior of rod and slab amplifiers shows that the extractable power of slab amplifiers can always exceed that of rod amplifiers if the slab aspect ratio is chosen appropriately, even if and are allowed to vary with temperature.
Finally, we have estimated the average power output that could be obtained from 6-mm-thick diode-pumped Yb:YAG slab lasers that use commercially available single crystals and LN cooling; we showed that close to 250 kW of extractable average power can be produced using a slab polished on all sides. Undoubtedly, diffusion-bonding of slabs or the use of multiple slabs could make solid-state Yb:YAG lasers with 1-MW average power feasible. We have not investigated but neither do we trivialize a number of serious issues associated with demonstrating such ultra-HAP lasers, including how to couple the output of large diode arrays into the slab, optically induced damage, and parasitic oscillations and amplified spontaneous emission. Those issues are, however, beyond the scope of this paper and will be addressed in future work.
